Sharp interface limits of a thermodynamically consistent solutal phase field model^∗

Daniel Kessler^y

Department of Mathematics, E. P. F. L., 1015 Lausanne, Switzerland

submitted for publication in J. Crystal Growth

Abstract

Thermal phase-field models were originally introduced to describe the solidification process of pure metals, highly dependent on temperature fluctuations. They are characterized by the introduction of an order parameter for solidification : the phase-field, describing a continuous “thick-interface” between solid and liquid regions. It was then shown that on an asymptotic “sharp-interface” limit, such models become a Stefan problem for the temperature. Later, solutal phase-field models were built to describe the solidification process of binary alloys. In the latter models, concentration plays a key role, while the effect of temperature fluctuations can be neglected. Stefan-like sharp-interface models were derived as asymptotic limits for some simple solutal models. In this paper, we investigate formal asymptotic limits for a more complex, thermodynamically consistent model, based on Warren and Boettinger’s model. Four different sharp-interface limits are obtained, two of which remain valid when some of the constraints for thermodynamic consistency are removed from the original model.

PACS: 61.66.Dk; 64.70.Dv; 81.10.Aj; 81.30.Fb

Keywords: Binary alloy solidification; Phase-field model; Asymptotic analysis

1 Introduction

Phase-field models have become of standard use to describe the solidification of both pure metals [1, 2, 10, 5] and, more recently, alloys [16, 17]. One of their main goals is to obtain a regularized description of the phenomena of dendritic growth, which was earlier described by sharp-interface Stefan-like problems [11, 14]. This is done by introducing an order parameter for solidification : the phase-field ϕ.

Most past works deal with thermal dendritic growth of pure metals, while we are interested in the description of solutal dendritic growth of alloys (neglecting thermal effects). Purely solutal phase-field models deal with the evolution of the concentration c and the phase-field ϕ of a binary alloy, at a fixed temperature T .

It is important to see what limit models can be obtained by taking appropriate asymptotic limits of the phase-field model, in order to reobtain a sharp-interface Stefan-like problem. Extensive studies on asymptotic limits of phase-field equations have been made for thermal phase-field models, and for relatively simple solutal models with separate low-degree

�project financially supported by the Swiss National Science Foundation yCorresponding author, e-mail: daniel.kessler@epfl.ch polynomial non-linear source terms [2, 3, 5, 6, 17]. Our goal is to use similar techniques in order to obtain sharp-interface limits for a more thermodynamically realistic solutal model, based on the Warren and Boettinger isotropic model [7, 16]. We also want to know if it is possible to relax the thermodynamic constraints and still get the proper sharp-interface limit models.

Warren and Boettinger assumed on their paper [16] that the sharp-interface limit of their model when the interface thickness δ becomes small could be taken in the same way as Wheeler, Boettinger and McFadden did for their more simple solutal phase-field model [17]. We found that a simple asymptotic limit where δ → 0 while all other model parameters remain fixed does not lead to a simple Stefan-like sharp-interface model as expected. However, by imposing various conditions to other model parameters while the limit is taken, we find four different physically-significant sharp-interface limit models, presented on sections 3.1-3.4 and summarized on section 3.5.

Before presenting the formal asymptotic analysis, we recall the model construction and present it in a convenient adimensional formulation on section 2. We point out the constraints implied on the Warren-Boettinger model by thermodynamic consistency, which made the originality of this model. We have found that two of the four asymptotic limit models are actually independent of some of these constraints. This is analogous to a numerical result from Kim et al. for thermal phase-field models in [9], where they have found that certain changes on the source term of their evolution equations have small effect on the numerical solution when near the sharp-interface limit.

2 Model

We consider a mixture of two pure elements A and B, present both in liquid and solid states inside a domain Ω. The system can be characterized by a relative concentration c = c(x, t) of element B with respect to the mixture. The relative concentration of element A will then be 1 − c, and the variable c will take values in the interval [0, 1]. We further characterize the system with an order parameter for solidification, the phase field ϕ = ϕ(x, t), which also takes values in the interval [0, 1]. A value of ϕ = 0 corresponds to a pure solid region, and a value of ϕ = 1 to a pure liquid region. Since we do not want to account for thermal effects, we assume the temperature T (t) to be homogenous, and we consider it as an external parameter.

To have a thermodynamical description of the evolution of the variables c and ϕ, we introduce a Ginzburg-Landau free energy functional (see [4, 12, 15]) F (T, c, ϕ) := ∫ Ω [ f(T, c, ϕ) + ε^2 2 |∇ϕ|^2 ] dx, (2.1) where f is a free energy density and ε a small parameter (which is linked, as we shall see, to the solid-liquid interface thickness).

The evolution of the quantities c and ϕ in the domain Ω can then be described by the following equations : ∂ϕ ∂t = −η δF δϕ = η ( ε^2△ϕ − f_ϕ ) , ∂c ∂t = div ( μ∇ δF δc ) = div (μ (f_{cc}∇c + f_{cϕ}∇ϕ)) , (2.2)

where f_ϕ =^{∂f}_{∂ϕ} , f_{cc} =^{∂2f}_{∂c2} and f_{cϕ} =^{∂2f}_{∂c ∂ϕ} .

Under the assumption that the coefficients η and μ be positive functions of T , c and ϕ, the previous equations guarantee a locally decreasing free energy (second principle of thermodynamics) as well as the conservation of matter (see [16, 17]). These evolution equations can be coupled to Neumann boundary conditions for c and ϕ, ensuring that both matter and non-thermal free energy are confined in the domain Ω.

The general form (2.2) of solutal phase-field evolution equations is used both by Wheeler, Boettinger and McFadden [17] and Warren and Boettinger [16]. To ensure that we have a thermodynamically consistent model, we shall choose a free energy density f(T, c, ϕ) alike to that used by WB [16].

2.1 Free energy density

Warren and Boettinger’s thermodynamically consistent free energy density [16] is given by f(T, c, ϕ) := (1 − c)f^A(T, ϕ) + cf^B(T, ϕ) + RT v_m [(1 − c) ln(1 − c) + c ln(c)] , (2.3)

where R is Boltzman’s constant, v_m the molar volume, and f^ξ(T, ϕ) := L^ξ T^ξ_m − T T^ξ_m p(ϕ) + W^ξ T T^ξ_m g(ϕ) + f^ξ(T, 0), (2.4)

where ξ stands for either A or B.

The function g(ϕ) is a standard double-well potential

g(ϕ) := ϕ^2(1 − ϕ)^2. (2.5)

The constants L^ξ and T^ξ_m are respectively the latent heat and melting temperature for pure element ξ, while W^ξ is a model parameter for the potential barrier height at melting temperature (which we shall see is linked to both interface thickness and surface tension).

The function p(ϕ) is introduced in [16] as a regularization of the solid-liquid discontinuity, and must at least follow the constraints

p(0) = 0,

p(1) = 1, p^′(ϕ) > 0, ∀ϕ ∈]0, 1[. (2.6)

In order to have a thermodynamically consistent model, we want the solid and liquid states to always be the only stable states with respect to the order parameter for solidification. In order for the values ϕ = 0 and ϕ = 1 to be the two and only minima of f(T, c, ϕ) on the interval ϕ ∈ [0, 1], for all values of T > 0 and c ∈ [0, 1], we need these extra constraints on the function p (assuming it is of class C^2) : { p^′(0) = p^′(1) = 0,

p^{′′}(0) = p^{′′}(1) = 0.

(2.7)

Warren and Boettinger [16] have chosen the polynomial of smallest degree satisfying constraints (2.6-2.7), which is

p(ϕ) = 6ϕ^5 − 15ϕ^4 + 10ϕ^3. (2.8)

We will only need the constraints, and not a specific choice of p, in order to derive the asymptotic limits of the model. Actually, we are also interested in knowing whether the extra contraints (2.7) that ensure thermodynamic consistency are necessary for the model to have meaningful sharp-interface limits or not. We are motivated in this by [9], who have numerical reasons to believe that (another class of) phase field models yield the same asymptotic limits whether they are thermodynamically consistent or not.

2.2 Determination of parameters W A, W B and ”

The stationary one-dimensional pure element (c ≡ 0) equation for ϕ at melting temperature T = T^A_m is

ε^2

∂^2ϕ̂ ∂x^2 − W^Ag^′(ϕ̂) = 0. (2.9)

It has an explicit solution ϕ̂ for limit conditions ϕ̂(−∞) = 1, ϕ̂(+∞) = 0, and fixing ϕ̂(0) =^1_2 :

ϕ̂(x) = 1 1 + e^xδ

, (2.10)

where δ = ε/ √ 2W^A can easily be interpreted as the interface thickness, and should be given numerical values of the order of atomic distances (see [17]), such as δ = 5.10^{−8} cm.

Besides, we can compute the total free energy (2.1) for the specific solution c ≡ 0, ϕ = ϕ̂. If we give the 1D solution the interpretation of a planar 3D solution, then the total free energy of the 1D solution can be given the interpretation of a surface energy

σ^A = F (T^A_m, 0, ϕ̂) = ε √ 2W^A 6 . (2.11)

Such surface tensions for stationary planar solutions at melting temperature are experimantally known and can be used to fit the model. For a pure metal A, we can therefore link the model parameters W^A and ε to physically known quantities as

W^A = 3 σ^A δ and ε^2 = 6σ^Aδ when c = 0. (2.12)

Analogous parameter adjustements also hold for pure element B when c = 1.

For the alloy, we will keep the adjusted values for the potential barrier heights

W^A := 3 σ^A δ and W^B := 3 σ^B δ . (2.13)

We want however to keep ε^2 a constant, so we will choose it as the average of the pure element values :

ε^2 := 3(σ^A + σ^B )δ. (2.14)

This approximation is valid under the assumption that c remains bounded on a small interval. Note that we make a similar assumption for the molar volume v_m.

2.3 Diffusion

We want to ensure that the evolution equation for c on a pure solid (ϕ ≡ 0) or a pure liquid (ϕ ≡ 1) is a classical diffusion equation of the form ∂c ∂t = D_s△c if ϕ ≡ 0, ∂c ∂t = D_l△c if ϕ ≡ 1, (2.15)

where D_s and D_l are the solid and liquid diffusion coefficients (assumed to be independent of c).

Generalizing these particular cases, we want the equation for c to be of the form ∂c ∂t = D(ϕ)△c, (2.16)

whenever ϕ is homogeneous in space, where

D(ϕ) = D_s + q(ϕ)(D_l − D_s) (2.17)

is a variable diffusion coefficient, such that q is a monotonous increasing function of ϕ ∈ [0, 1] with values q(0) = 0 and q(1) = 1. For instance, Warren and Boettinger choose q(ϕ) = p(ϕ), since these two functions play analogous roles on the regularization of the solid-liquid transition. We will see that the particular choices for p and q don’t play any role on the asymptotic limits, which depend only on some of the properties that were imposed to these functions upon construction.

This determines the positive coefficient μ as μ(T, c, ϕ) := D(ϕ) f_{cc}(T, c, ϕ) , (2.18)

We will also assume that the positive phase-field diffusion coefficient

M := ηε^2 (2.19)

is a constant.

2.4 Adimensional problem

Recollecting all the steps of the model construction, we obtain evolution equations for c and ϕ, which can be adimensionalized by changing space coordinates to x̃ =^x_l , where l is a characteristic length of the domain Ω, and time coordinates to t̃ =^{Dlt}_{l2} , where^{l2}_{Dl} is a characteristic liquid diffusion time. Furthermore, we won’t explicitly write the temperature T anymore, since it plays the role of a parameter. The evolution equations then become, for ϕ̃(x̃, t̃) = ϕ(x, t), ∂ϕ̃ ∂t̃ = ~M ( ~△ϕ̃ − 1 δ̃ f̃_{ϕ̃}(c̃, ϕ̃) ) , ∂c̃ ∂t̃ = ~div [ μ̃(c̃, ϕ̃) ( f̃_{c̃c̃}(c̃, ϕ̃) ~∇c̃ + f̃_{c̃ϕ̃}(c̃, ϕ̃) ~∇ϕ̃ )] , (2.20) where ~M =^M_{Dl} , δ̃ =^δ_l , f̃(c̃, ϕ̃) := δl ε^2 f(c̃, ϕ̃) = α(c̃) δ̃ g( ϕ̃) + β(c̃)p(ϕ̃) + 1 γ [(1 − c̃) ln(1 − c̃) + c̃ ln c̃] + f̃_0(c̃)

(2.21)

and μ̃(c̃, ϕ̃) := ε^2 D_lδl μ(c̃, ϕ̃) = γc̃(1 − c̃) ~D(ϕ̃) (2.22)

where ~D(ϕ̃) = D̃_s + q(ϕ̃) ( D̃_l − D̃_s ) , with D̃_l = 1 and D̃_s =^{Ds}_{Dl} , f̃_0(c) is an unimportant affine function,

γ := 3 v_m RT σ^A + σ^B l (2.23) and { α(c̃) := (1 − c̃)α^A + c̃α^B β(c̃) := (1 − c̃)β^A + c̃β^B

(2.24)

where

α^ξ := σ^ξ σ^A + σ^B T T^ξm β^ξ := l 3 L_ξ σ^A + σ^B T^ξ_m − T T^ξ_m , ξ = A or B. (2.25)

We will omit the tildes from now on in all quantities except f̃ and μ̃. Note that the phase field diffusion coefficient M is the only model parameter yet to be linked to physical quantities. Let us remark that the well-posedness of problem (2.20) coupled with Neumann boundary conditions and appropriate initial conditions has been proved in [13].

3 Sharp-interface limits

Our goal in this section is to establish formal asymptotic limits of equations (2.20) when δ → 0, using assumptions (2.6-2.7) on function p. We assume the boundedness of ϕ and c in the following way : { 0 ≤ ϕ(x, t) ≤ 1, x ∈ Ω, t ≥ 0, 0 < c_{min} ≤ c(x, t) ≤ c_{max} < 1, x ∈ Ω, t ≥ 0.

(3.1)

We also assume that D_s > 0, (3.2) which means that a pure solid inhomogenous in c is not a stationary solution of (2.20). We shall only consider the case of bidimensional space domains.

Besides, we define liquid and solid free energy densities by { f^{liq}(c) := f(c, 1), f^{sol}(c) := f(c, 0).

(3.3)

3.1 Small surface tension limit : classical Stefan-like problem

We consider the limit where δ, σ^A and σ^B tend to zero with δ/σ^A, δ/σ^B , and M kept fixed. Let us define a modified adimensional free energy density that will be independent of δ on this particular limit (except for the uninteresting last term that doesn’t contribute to the derivatives of f appearing in (2.20)): f̂(c, ϕ) = δf̃(c, ϕ) = α(c)g(ϕ) + β̂(c)p(ϕ) + 1 γ̂ [(1 − c) ln(1 − c) + c ln c] + δf̃_0(c),

(3.4)

where β̂(c) := δβ(c) and γ̂ := γ/δ.

Since δ/σ^A and δ/σ^B are kept fixed, α(c), β̂(c) and γ̂ are independent of δ (see definitions (2.23-2.25)). We also define μ̂(c, ϕ) = μ̃(c, ϕ) δ = γ̂c(1 − c)D(ϕ). (3.5)

The equations (2.20) can then be written :

δ^2 M ∂ϕ ∂t = δ^2△ϕ − f̂_ϕ(c, ϕ), ∂c ∂t = div [ μ̂(c, ϕ) ( f̂_{cc}(c, ϕ)∇c + f̂_{cϕ}(c, ϕ)∇ϕ )] , (3.6)

Outer solution We now consider the previous equations when δ tends to zero at macroscopic scale : the first equation becomes

f̂_ϕ(c, ϕ) = 0. (3.7)

If we assume the constraints (2.7) on function p, pure liquid ϕ ≡ 1 and solid ϕ ≡ 0 are possible solutions independently of the behaviour of c. These solutions can be proved to be stable with respect to small perturbations for positive temperatures. Putting them on the second equation, we get (using definition (2.18)) respectively ∂c ∂t = D_l△c on regions where ϕ ≡ 1, ∂c ∂t = D_s△c on regions where ϕ ≡ 0.

(3.8)

Let us now consider the case when both a liquid region Ω_l and a solid region Ω_s are present, delimited by an interface Γ. Such a configuration might locally look like figure 1.

We expect to be able to study the transition between the pure phase regions at a space scale of order δ on the direction normal to the interface. To be able to do this, we assume that the interface (formally defined as the level set ϕ = 0.5) can be described by a C^2 parametrisation Γ(s, t), and that a normal velocity v_n(s, t) and a mean curvature κ(s, t) can be defined at the macroscopic scale. Under these assumptions, we may define a time dependent local invertible space coordinates change (x, y) ↔ (r, s), where r denotes the

Ω_l Ω_s

∂c ∂t = D_l△c^{∂c}_{∂t} = D_s△c ϕ = 0 Γ ϕ = 1

Figure 1: macroscopic domains

normal distance to the interface and s is a curvilinear coordinate of the interface. Using Frenet formulae we can then establish the properties : ∂r ∂t = −v_n, |∇r|^2 = 1, ∇r.∇s = 0, △r = κ 1 + κr . (3.9)

Let us assume that the system is liquid at the left and solid at the right of the interface. We call c_l(s, t) and c_s(s, t) the left and right limits of the “outer” function c when r tends to zero, and (_{∂c} ∂r ) l (s, t) and (_{∂c} ∂r ) s (s, t) the corresponding limits of^{∂c}_{∂r} . These values provide limit conditions for the diffusion equations (3.8).

inner solution To link the quantities across the interface, we will formally examine the problem (3.6) near the interface by re-scaling the r coordinate as

r = δρ. (3.10)

Let us now consider the “inner” functions ϕ̄ and c̄ inside the interface region as functions of the new set of space-time coordinates (ρ, s, t), and formally develop them with respect to the small parameter δ as : {¯ ϕ(ρ, s, t) = ϕ_0(ρ, s, t) + δϕ_1(ρ, s, t) + . . . c̄(ρ, s, t) = c_0(ρ, s, t) + δc_1(ρ, s, t) + . . . (3.11)

As ρ → ±∞, we take limit conditions for the inner functions that are C^1-compatible with the outer functions : lim ρ→−∞ ϕ_0(ρ, s, t) = 1, lim ρ→+∞ ϕ 0(ρ, s, t) = lim_{ρ→±∞} ∂ϕ_0 ∂ρ (ρ, s, t) = 0, lim ρ→±∞ ϕ_1(ρ, s, t) = lim_{ρ→±∞} ∂ϕ_1 ∂ρ (ρ, s, t) = 0, lim ρ→−∞ c_0(ρ, s, t) = c_l, lim_{ρ→+∞} c_0(ρ, s, t) = c_s, lim ρ→−∞ ∂c_1 ∂ρ (ρ, s, t) = ( ∂c ∂r ) l (s, t), lim_{ρ→+∞} ∂c_1 ∂ρ (ρ, s, t) = ( ∂c ∂r ) s (s, t), lim ρ→±∞ c_1(ρ, s, t) = lim_{ρ→±∞} ∂c_0 ∂ρ (ρ, s, t) = 0.

(3.12)

Inside the re-scaled domain, we can use the interface properties (3.9) combined to the rescaling (3.10) and the asymptotic series (3.11) in (3.6) to establish δ ∂ϕ̄ ∂t = −v_n ∂ϕ_0 ∂ρ + . . . , δ^2△ϕ̄ =

∂^2ϕ_0 ∂ρ^2 + δ ( ∂^2ϕ_1 ∂ρ^2 + κ ∂ϕ_0 ∂ρ ) + . . . , (3.13)

as well as analogous formal series for^{∂c̄}_{∂t} and △c̄, and also ∇c̄.∇ϕ̄ = ∂c_0 ∂ρ ∂ϕ_0 ∂ρ + δ^2(. . . ) + . . . . (3.14)

order 0 in δ The equations (3.6) therefore become at lowest order on δ :

∂^2ϕ_0 ∂ρ^2 − f̂_ϕ(c_0, ϕ_0) = 0, ∂ ∂ρ [ μ̂(c_0, ϕ_0) ( f̂_{cc}(c_0, ϕ_0) ∂c^0 ∂ρ + f̂_{cϕ}(c_0, ϕ_0) ∂ϕ_0 ∂ρ )] = 0 (3.15)

Let us first look at the second equation. Under assumptions (3.1-3.2), the function μ̂(c_0, ϕ_0) remains strictly positive in all the domain. We know however by (3.12) that^{∂c0}_{∂ρ} and^{∂ϕ0}_{∂ρ} both become zero on the limits when ρ tends to plus or minus infinity. We may therefore conclude that

f̂_{cc}(c_0, ϕ_0) ∂c^0 ∂ρ + f̂_{cϕ}(c_0, ϕ_0) ∂ϕ_0 ∂ρ = 0 (3.16)

inside all the rescaled interface.

This can be rewritten as ∂ ∂ρ f̂_c(c_0, ϕ_0) = 0. (3.17)

In particular, this gives us a first interface condition, using definitions (3.3) :

f̂^{liq}_c (c_l) = f̂^{sol}_c (c_s). (3.18)

Actually f̂_c(c_0, ϕ_0) ≡ Ĉ is a constant for all values of ρ (at s and t fixed), and this gives us an algebraic relationship between c_0 and ϕ_0. It happens that this relationship can be described with an univoquous function c_0 = h(ϕ_0), that we do not need to write explicitly for our purposes. Therefore, ∂ ∂ϕ [ f̂ (h(ϕ), ϕ) − Ĉh(ϕ) ]| |_{ϕ=ϕ0} = f̂ϕ (h(ϕ0), ϕ0) , (3.19)

and the first equation of (3.15) can be rewritten as

∂^2ϕ_0 ∂ρ^2 = ∂ ∂ϕ [ f̂ (h(ϕ), ϕ) − Ĉh(ϕ) ]| |_{ϕ=ϕ0} . (3.20)

By multiplying this equation by^{∂ϕ0}_{∂ρ} and integrating on ρ we then obtain 1 2 | | | ∂ϕ_0 ∂ρ | | | 2| | | | +∞

−∞ = [ f̂ (h(ϕ), ϕ) − Ĉh(ϕ) ]| |^{+∞}_{−∞} , (3.21)

which, by using the limit conditions (3.12) and the definition of h(ϕ_0), gives us a second interface condition :

f̂^{liq}(c_l) − f̂^{liq}_c (c_l)c_l = f̂^{sol}(c_s) − f̂^{sol}_c (c_s)c_s. (3.22)

The two conditions (3.18) and (3.22) mean that there is a common tangent to the graphs of functions f^{liq}(c) and f^{sol}(c), tangent to the graphs at respectively concentrations c = c_l and c = c_s. Actually, if the temperature T of the system is inside the interval delimited by the melting temperatures of the two pure elements A and B, then there is a single set of concentrations (c_s, c_l) allowing for such a geometric construction, and these concentrations, as functions of T , provide the (T,c) equilibrium “lens-type” phase diagram for the alloy.

order 1 in δ Using properties (3.13) and (3.14), we can write the equation for c in (3.6) at order 1 on δ, greatly simplified by relationship (3.17) : −v_n ∂c_0 ∂ρ = ∂ ∂ρ { μ̂(c_0, ϕ_0) ∂ ∂ρ [ f̂_c(c_0, ϕ_0)c_1 + f̂_ϕ(c_0, ϕ_0)ϕ_1 ]} . (3.23)

We may simply integrate on ρ from −∞ to +∞ to obtain a third interface condition. Assuming that the normal velocity v_n, a macroscopic quantity, is uniform in ρ, we obtain, using (2.17-2.18) and limit conditions (3.12) :

−v_n(c_s − c_l) = D_s ∂c_s ∂n − D_l ∂c_l ∂n . (3.24)

This corresponds to the conservation of matter through the interface.

Note that on all steps used to derive interface conditions (3.18), (3.22) and (3.24), we implicitly used constraints (2.6) on function p, but never needed the extra constraints (2.7).

Stefan-like problem Regrouping results (3.8, 3.18, 3.22, 3.24,) and recalling the definitions of f̂ and f̃, we can write the sharp-interface small surface tension asymptotic limit when δ, σ^Aand σ^B tend to zero with δ/σ^A, δ/σ^B , and M kept fixed as the following Stefan problem : ∂c ∂t = D_l△c, in Ω_l, ∂c ∂t = D_s△c, in Ω_s,

−v_n [c]^s_l = [ D ∂c ∂n ]_s l , [f_c]^s_l = 0, [f − f_cc]^s_l = 0, on Γ,

(3.25)

where [.]^s_l denotes the jump of a quantity across the liquid-solid interface. This limit can be easily interpreted : on liquid and solid regions there is a classical diffusion of matter, while through the interface there is on the one hand, conservation of matter as the interface moves, and on the other hand, concentration takes liquid ans solid equilibrium values on respective sides of the interface.

3.2 Small surface tension and low phase-field diffusivity limit : kinetic effects

We now consider the limit when δ, σ^A, σ^B and M tend to zero with δ/σ^A, δ/σ^B , and δ/M kept fixed. We use the same modified free energy density f̂ defined by (3.4) on the last section. We define a new quantity independent of δ : M̂ = M δ , (3.26)

and the evolution equations (3.6) can then be written δ M̂ ∂ϕ ∂t = δ^2△ϕ − f̂_ϕ(c, ϕ), ∂c ∂t = div [ μ̂(c, ϕ) ( f̂_{cc}(c, ϕ)∇c + f̂_{cϕ}(c, ϕ)∇ϕ )] , (3.27)

The outer solutions will be the same as (3.8), and the macroscopic behaviour still corresponds to figure 1. All the steps to obtain interface conditions (3.18) and (3.24) depend only on the second equation in (3.27), and are therefore unmodified; equation (3.17) also still holds. However, the first equation in (3.15) now becomes − v_n M̂ ∂ϕ_0 ∂ρ = ∂^2ϕ_0 ∂ρ^2 − f̂_ϕ(c_0, ϕ_0), (3.28)

from which we can derive an analogous of (3.20) :

∂^2ϕ_0 ∂ρ^2 + v_n M̂ ∂ϕ_0 ∂ρ = ∂ ∂ϕ [ f̂ (h(ϕ), ϕ) − Ĉh(ϕ) ]| |_{ϕ=ϕ0} , (3.29) and finally, multiplying by^{∂ϕ0}_{∂ρ} and integrating on ρ : [ f̂ − f̂_cc ]_s l = Γ M̂ v^n, (3.30)

where

Γ := ∫_{+∞} −∞ | | | ∂ϕ_0 ∂ρ | | | 2 dρ. (3.31)

The limit where δ, σ^A, σ^B and M tend to zero therefore corresponds to a modified Stefan problem, equivalent to (3.25) where the last interface condition is to be replaced by (3.30). There is still classical diffusion on pure phase regions, separed by δ-width interfaces, through which the concentration and its normal derivative jump in such a way that matter is conserved. However, the values of concentration on both sides of the interface are no longer equilibrium values, but are obtained through a “parallel tangent construction” dependent upon the local interface velocity. On regions where the interface is static, we find again the equilibrium values of c_l and c_s corresponding to the phase diagram.

3.3 Similar elements limit : kinetic and curvature effects

We now want to consider a sharp-interface limit with finite surface tension. However, taking the limit when δ tends to zero with all other quantities fixed does not yield valid interface conditions using Caginalp [2, 3] methods as we did in preceding subsections. We therefore choose to have an extra constraint : we want the coefficient α(c) defined in (2.24) to be a constant at lowest order in δ :

α(c) = ᾱ + δΔαc. (3.32)

This is equivalent to assume that the quantity

α^B − α^A = T σ^A + σ^B ( σ^B T^B_m − σ^A T^A_m ) = δΔα (3.33)

is of order δ, i.e. that the two components of the alloy are similar enough in the sense of (3.33). Another interpretation of this assumption can be given using the potential barrier heights W^A and W^B defined in (2.13) : as δ tends to zero, both potential barriers become infinite, but their difference (ponderated by respective melting temperatures) is kept fixed.

We introduce yet another modified free energy density : f̌(c, ϕ) := f̃(c, ϕ) − ᾱ δ g(ϕ) = Δαcg(ϕ) + β(c)p(ϕ) + 1 γ [(1 − c) ln(1 − c) + c ln c] + f̃_0(c)

(3.34)

The equations (2.20) can then be written as

δ^2 M ∂ϕ ∂t = δ^2△ϕ − ᾱg^′(ϕ) − δf̌_ϕ(c, ϕ), ∂c ∂t = div [ μ̃(c, ϕ) (ˇ f_{cc}(c, ϕ)∇c + f̌_{cϕ}(c, ϕ)∇ϕ )] , (3.35)

On the asymptotic limit where δ tends to zero, for the outer solution, equation (3.7) is now replaced by

g^′(ϕ) = 0. (3.36)

This still gives the same behaviour as (3.8) outside the interface, but we no longer need to assume that the constraints (2.7) on function p are satisfied.

As for the inner solution, the second equation in (3.35) is analogous to the second equation in (3.6), and will therefore yield interface conditions analogous to (3.18) and (3.24). Noting that

f̌_c = f̃_c = f̂_c δ , (3.37)

we conclude that the two interface conditions on c obtained in this case are actually strictly equivalent to (3.18) and (3.24).

We must now look at the evolution equation for ϕ in (3.35). At lowest order in δ it becomes simply

∂^2ϕ_0 ∂ρ^2 = α̂g^′(ϕ_0). (3.38)

With the limit conditions (3.12), and fixing ϕ_0 =^1_2 , this equation has a unique solution :

ϕ_0(ρ) = 1 1 + e^{√2ᾱρ} . (3.39)

This doesn’t give us an interface condition yet, so we must look at the next order in δ of the first equation in (3.35) : − v_n M ∂ϕ_0 ∂ρ = ∂^2ϕ_1 ∂ρ^2 + κ ∂ϕ_0 ∂ρ − ᾱg^{′′}(ϕ_0)ϕ_1 − f̌_ϕ (h(ϕ_0), ϕ_0) . (3.40)

Let’s call L the operator

L = ᾱg^{′′}(ϕ_0) −

∂^2 ∂ρ^2 . (3.41)

We can then rewrite (3.40) as L ∂ϕ_1 ∂ρ = ( κ + v_n M ) ∂ϕ_0 ∂ρ − f̌_ϕ (h(ϕ_0), ϕ_0) , (3.42)

and by deriving (3.38) with respect to ρ we find that L ∂ϕ_0 ∂ρ = 0. (3.43)

In fact, L is a self-adjoint operator on functions satisfying limit conditions (3.12), for the L^2 scalar product on variable ρ. Therefore, we have an orthogonality condition for (3.42) to be solvable when (3.43) is true : ( κ + v_n M ) ∫ +∞ −∞ | | | | ∂ϕ_0 ∂ρ | | | | 2 dρ − ∫_{+∞} −∞ f̌_ϕ (h(ϕ_0), ϕ_0) ∂ϕ^0 ∂ρ dρ = 0. (3.44)

Using limit conditions (3.12) and equation (3.19), we then find the following interface condition : [ˇ f − f̌_cc ]_s l = Γ̌ ( κ + v_n M ) , (3.45)

where the explicit form of constant Γ̌ can be obtained using (3.39) :

Γ̌ = 1 ∫_{+∞} −∞ | | ∂ϕ_{0∂ρ} | |^2 dρ = √ 2 ᾱ . (3.46)

The limit where δ tends to zero with Δα fixed therefore also corresponds to a modified Stefan problem, similar to (3.25) where the last interface condition is to be replaced by (3.45). There is also still classical diffusion on pure phase regions, separed by δ-width interfaces, through which the normal derivative of concentration jumps in such a way that matter is conserved. However, the values of concentration on both sides of the interface are now obtained through a “parallel tangent construction” dependent upon both local interface velocity and local curvature. On regions where the interface is both planar and static, we find again the equilibrium values of c_l and c_s corresponding to the phase diagram.

Note that the solvability condition technique implemented through the operator L can also be used to obtain an interesting limit in the case of a pure element (c ≡ 0 or c ≡ 1). We then have only the equation for the evolution of ϕ in (3.35). The outer solutions will still be chosen as liquid (ϕ ≡ 1) on the left and solid (ϕ ≡ 0) on the right of the interface. The inner development will however now yield only one interface condition, which in the case of pure element A would be : κ + v_n M = [f̌] Γ̌ = L^A lσ^A T − T^A_m T^A_m . (3.47)

This describes an interface moving by mean curvature. The preceeding equation can also be compared, when κ = 0, to phenomenological laws, in order to adjust M with a known kinetic coefficient, and have a numerical value to use on the original phase-field model.

3.4 Similar elements limit with large phase-field diffusivity : curvature effects only

We consider the same conditions as in the last subsection, except that now the quantity

M̌ = Mδ (3.48)

is supposed to be fixed.

With analogous steps, we find a similar limit problem as in the last paragraph. It is also a modified version of problem (3.25), where the last equation is replaced by [ˇ f − f̌_cc ]_s l = Γ̌κ. (3.49)

The “parallel tangent construction” is now dependent upon local curvature only, and the equilibrium values of c_l and c_s corresponding to the phase diagram can now be found on all regions where the interface is plane, even if it moves.

3.5 Summary of the results

The limit problems for the evolution equations (2.20) when the interface thickness δ vanishes, as seen in sections 3.1-3.4, are all of the generic form ∂c ∂t = D_l△c, in Ω_l, (A) ∂c ∂t = D_s△c, in Ω_s, (B)

−v_n [c]^s_l = [ D ∂c ∂n ]_s l , on Γ (C)

[f_c]^s_l = 0, on Γ (D)

[f − f_cc]^s_l = F(v_n, κ), on Γ (E)

(3.50)

In all of these limits, pure liquid (A) and pure solid (B) regions with classical diffusion coexist, separed by sharp interfaces that evolve ensuring the conservation of matter (C). Besides, the values of concentration at the interface can be obtained through a “parallel tangent construction” ((D) and (E)), using solid and liquid free energy densities, and dependent either on the local interface velocity, the local interface curvature, both or none, through the generic linear function F(v_n, κ). This function is dependent on the type of limit :

section σ_A, σ_B σ_A T^A_m − σ_B T^B_m M F 3.1 O(δ) O(δ) O(1) 0 3.2 O(δ) O(δ) O(δ) ∝ v_n 3.3 O(1) O(δ) O(1) ∝ κ +^{vn}_M 3.4 O(1) O(δ) O(^1_δ ) ∝ κ

(3.51)

For the asymptotic limits presented on sections 3.3 and 3.4, all the steps of the asymptotic analysis and all the results depend of the choice of a function p only through its regularity (it should be at least C^1) and through its values at ϕ = 0 and ϕ = 1. The constraints (2.6) are therefore sufficient to get the proper limits. The extra constraints (2.7), while necessary to have a thermodynamically consistent mesoscopic model, are not necessary to get these limits. Therefore, instead of the function (2.8), we could simply define p as

p(ϕ) = ϕ (3.52)

and still get the same limits.

However, to get the low interface thickness at low surface tensions asymptotic limits presented on sections 3.1 and 3.2, the extra constraints (2.7) on function p are also required.

4 Conclusion

We have obtained four different formal asymptotic limits for a thermodynamically consistent phase-field model based on Warren and Boettinger. The knowledge of these limits can guide us to adjust the less intuitive model parameters in order to reproduce one of four particular physical situations, where the limit concentrations at the solid-liquid interface either take equilibrium values, or are dependent on either the local interface velocity, the local interface curvature, or both. Also, the formal asymptotic limits let us compare two drastically different kinds of models that describe the same physical phenomena : phasefield and Stefan-like models, in the case of the purely solutal binary alloy solidification process.

We are currently working on the numerical analysis [8] and simulation of both kinds of models. We expect to be able to compare numerical results in the future, in order to establish which of the models is better adapted to the numerical simulation of a given physical situation.

Acknowledgements

We thank Prof. J. Rappaz for creating and managing the phase-field research project at the Department of Mathematics of the Swiss Federal Institute of Technology of Lausanne, as well as other research workers of the team who have been of help. We especially want to thank Dr. J.-F. Scheid, who was the first to point out the importance of an asymptotic analysis, and has kindly read and thoroughly commented the original manuscript. We also wish to thank Prof. M. Rappaz and the Physical Metallurgy Lab from the Materials Science Department of the Swiss Federal Institute of Technology, Lausanne, for an ongoing collaborationship on the phase-field and other projects. Finally, we are grateful to the Swiss National Science Foundation for financially supporting this project.

References

[1] M. Brokate and J. Sprekels. Hysteresis and phase transitions. In AMS, volume 121.

Springer-Verlag, New York, 1996.

[2] G. Caginalp. An analysis of a phase-field model for free boundary. Arch. Rational Mech. Anal. 92, pages 205–245, 1986.

[3] G. Caginalp. Stefan and Hele-Shaw type models as asymptotic limits of the phase-field equations. Phys. Rev. A, 39(11):5887, 1989.

[4] J. W. Cahn and J. E. Hilliard. Free energy of a nonuniform system. i. interfacial free energy. J. Chem. Phys., 28(2):258–267, 1958.

[5] A. Karma and W. J. Rappel. Quantitative phase-field modeling of dendritic growth in two and three dimensions. (preprint).

[6] A. Karma and W. J. Rappel. Phase-field method for computationally efficient modeling of solidification with arbitrary interface kinetics. Phys. Rev. E, 53(4):R3017–R3020, 1996.

[7] D. Kessler, O. Krüger, J. Rappaz, and J.-F. Scheid. A phase-field model for the isothermal solidification process of a binary alloy. to appear in CAMES.

[8] D. Kessler and J.-F. Scheid. A priori estimates for a parabolic system describing a binary alloy solidification process. in preparation.

[9] Y.-T. Kim, N. Provatas, N. Goldenfeld, and J. Dantzig. Universal dynamics of phasefield models for dendritic growth. Cond. Mat., 1998.

[10] R. Kobayashi. Modeling and numerical simulations of dendritic crystal growth. Physica D, 63:410–423, 1992.

[11] A. M. Meirmanov. The Stefan problem. De Cruyter, Berlin, 1992.

[12] O. Penrose and P. C. Fife. Thermodynamically consistent models of phase-field type for the kinetics of phase transitions. Physica D, 43:44–62, 1990.

[13] J. Rappaz and J.-F. Scheid. Existence of solutions to a phase-field model for the solidification process of a binary alloy. Math. Methods Appl. Sci., 23:491–513, 2000.

[14] A. Visintin. Models of Phase Transitions. PNLDE 28. Birkhaüser, 1996. [15] S. L. Wang, R. F. Sekerka, A. A. Wheeler, B. T. Murray, S. R. Coriell, R. J. Braun, and G. B. McFadden. Thermodynamically-consistent phase-field models for solidification. Physica D, 1993.

[16] J. A. Warren and W. J. Boettinger. Prediction of dendritic growth and microsegregation patterns in a binary alloy using the phase-field model. Acta metall. mater., 43(2):689–703, 1995.

[17] A. A. Wheeler, W. J. Boettinger, and G. B. McFadden. Phase-field model for isothermal phase transitions in binary alloys. Phys. Rev. A, 45(10):7424–7439, 1992.